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ABSTRACT: Numerical  c a l c u l a t i o n s  were c a r r i e d  o u t  f o r  t h e  e n e r g i e s  
a v a i l a b l e  i n  t h e  c e n t e r  of  mass sys t em of  two p r o t o n s  o f  
e n e r g y ,  2 0  Bev e a c h ,  c o l l i d i n g  a t  v a r i o u s  a n g l e s  i n  t h e  
l a b o r a t o r y  sys t em,  and t h e  v e l o c i t i e s  o f  t h e  c e n t e r  o f  mass 
f o r  such  c o l l i s i o n s .  Formulas f o r  a n g u l a r  d i s t r i b u t i o n s  o f  
mesons produced i n  t h e  l a b o r a t o r y  sys t em have been  d e r i v e d  
by assuming c e r t a i n  a n g u l a r  d i s t r i b u t i o n s  f o r  monoenerge t i c  
mesons i n  t h e  c e n t e r  of  mass sys t em,  c o r r e s p o n d i n g  t o  two 
c a s e s  of  h i g h  e n e r g y  p r o t o n - p r o t o n  c o l l i s i o n s  ( i )  o b l i q u e  
c o l l i s i o n s  o f  two p r o t o n  beams o f  same i n c i d e n t  e n e r g y  
and ( i i )  head-on c o l l i s i o n s  o f  two p r o t o n  beams o f  d i f f e r e n t  
i n c i d e n t  e n e r g i e s .  Numerical  c a l c u l a t i o n s  f o r  t h e s e  meson 
a n g u l a r  d i s t r i b u t i o n s  were c o n f i n e d  t o  o b l i q u e  c o l l i s i o n s  
0 
o f  two p r o t o n  beams of  2 0  Bev e a c h  a t  an  a n g l e  1 2 0  and 
head-on c o l l i s i o n s  o f  two p r o t o n  beams, one w i t h  2 0  Bev 
w h i l e  t h e  o t h e r  h a s  i n c i d e n t  e n e r g y  1 0  Bev i n  t h e  l a b o r a t o r y  
system. 
++ Suppor ted  by C o n t r a c t  AEC #AT(l l -1) -384 
+ Wayne S t a t e  U n i v e r s i t y  
T. Available Energy i n  t h e  CM System and V e l o c i t y  o f  t h e  CM. 
C o n s i d e r  two p r o t o n s  o f  same i n c i d e n t  
I e n e r g y  and momentum, E; ( i n c l u d i n g  
r e s t  e n e r g y ) ,  P; , c o l l i d i n g  a t  an  
Y 
a n g l e  i n  Lab system. ( ~ i g .  1 )  
The t o t a l  e n e r g y  and t h e  t o t a l  momen- 
tum a r e  r e s p e c t i v e l y :  
F ig .  1, Lab sys t em 
When r e f e r r e d  t o  a n o t h e r  c o o r d i n a t e  sys tem-wkth  same o r i e n t a -  
> 
t f o n  moving u n i f o r m l y  w i t h  v e l o c i t y  7/ t h e s e  two q u a n t i t i e s  w i l l  
'. , / be deno ted  b y i J  and PT The well-known t r a n s f o r m a t i o n  i s  
expressed  i n :  
g7 
--/ - = (3 
4 2 
(4 )  
moving 
2 
c o o r d i n a t e  system,fr'= 0. From t h e  t r a n s f o r m a t i o n  r e l a t i o n s  one 
ob ta  I n s ,  
t h e  e n e r g y  I n  CM sys t em,  -&I ( 5 )  where 
-1 
t h e  \ r e l o c i t y  o f  CM i s  
q L C  
- C  'iDr KM- - ( 6 )  E r  
By s u b s t f t u t f o n  o f  ( 1 )  and ( 2 ) ,  and t h r o u g h  t h e  r e l a t i o n  
E L " - ~ ~ " c  :w o a d  ' where ,o i s  t h e  r e s t  mass o f  
a  p ro ton :  
/ 
Then from ( 5  i.- 
/ 
i4"d5c2dd&J g+-, - 24" &-, 61 
Graph 1 g i v e s  a  p l o t  o f 2  a g a i n s t  8 and Graph I1 a  p l o t  o f  - I/C& &r c 
a g a i n s t  8 f o r & =  20 Bev i n  b o t h  p l o t s .  


11, Angular  D i s t r i b u t i o n s  o f  Mesons: 
We have assumed t h r e e  k i n d s  of  a n g u l a r  d i s t r i b u t i o n s *  f o r  
2- 
monoenerge t ic  mesons i n  t h e  CM sys tem,  namely: ( a ) &  0 f o r  h igh  
/ 
e n e r g y  mesons ( e . g .  mesons o f  e n e r g y  around 2 Bev. s a y ,  ( b )  a l s o  
- '9 
f o r  h i g h  e n e r g y  mesons where 6 r e f e r s  t o  
t h e  a n g l e  a  moving meson makes w i t h  t h e  
i n c i d e n t  d i r e c t i o n  o f  one  o f  t h e  c o l l i d i n g  
p r o t o n s  i n  t h e  CM sys tem,  and ( c )  i s o t r o p i c  
d i s t r i b u t i o n  f o r  low e n e r g y  mesons ( e . g .  
mesons o f  e n e r g y  around 500 ~ e v ) .  The 
I c o r r e s p o n d i n g  a n g u l a r  d i s t r i b u t i o n s  o f  
mesons i n  t h e  Lab sys t em f o r  two c a s e s  o f  
p r o t o n - p r o t o n  c o l l i s i o n s  
( 1 )  o b l l q u e  c o l l i s i o n s  o f  two p r o t o n s  o f  same i n c i d e n t  e n e r g y  and 
[ f l )  head-on c o l l i s i o n s  o f  two p r o t o n s  o f  d i f f e r e n t  i n c i d e n t  e n e r g i e s  
w i l l  be  d e r i v e d  i n  t h e  f o l l o w i n g  s e c t i o n s .  
Case ( i )  Ob l ique  C o l l i s i o n s :  
a- 
( a ) k  & h igh-ene rgy  meson d i s t r i b u t i o n .  
L e t  t h e  d i r e c t i o n  o f  a  moving meason be  s p e c i f i e d  
) i n  t h e  Lab system. 
CM sys t em Lab sys t em 
F i g .  3 
* The a u t h o r  i s  i n d e b t e d  t o  D r .  W. D. Walker ,  U n i v e r s i t y  o f  Wisconsin 
f o r  h i s  comments on t h e  assumed a n g u l a r  d i s t r i b u t i o n s  o f  mesons. 
To f i n d  t h e  c o r r e s p o n d i n g  a n g u l a r  d i s t r i b u t i o n  i n  t h e  Lab 
sys tem.  t h e  d i r e c t  way would be  t o  u s e  t h e  r e l a t i o n  between t h e  
d i f f e r e n t i a l  c r o s s - s e c t i o n s  G ~ ; F ) ,  T&, @) i n  t h e  
CM and t h e  Lab sys t ems ,  i . e .  
2- 
= Const .  Cos @ , and t o  g e t  t h e  J a c o b i a n  
i n v o l v e d  i n  t h e  t r a n s f o r m a t i o n .  However, due  t o  t h e  
c e n t e r  of  mass o f  t h e  p r o t o n s  moves a l o n g  t h e  p o s i t i v e  
2 d i r e c t i o n ,  t h i s  d i r e c t  p r o c e d u r e  seems t o  be  m a t h e m a t i c a l l y  
compl i ca ted .  We s h a l l  p roceed  i n  an  i n d i r e c t  way a s  f o l l o w s :  
f i r s t  c o n v e r t  (6, 0 ,  i n  t h e  CM sys t em,  
u s l n g d  a x i s  a s  a  new p o l a r  a x i s ;  t h e n  t r a n s f o r m o - 6 '  "kc&'@) /Y  
i n  t h e  Lab sys tem w i t h  2 a x i s  a s  a  p o l a r  a x i s ;  f i n a l l y  c o n v e r t  
r(&,'@) ko&@/ @) i n  t h e  same Lab sys t em w i t h  Y a s  a  p o l a r  
a x i s ,  
f i r s t  step: R e f e r r i n g  t o  F ig .  3 one  e a s i l y  f i n d s  t h e  r e l a t i o n s  
&a= &, &'A 9' 
4 (10) 
75 Y ( 1 1 )  
From 0-6~ ) k* L;rBBg'JY= ~ - 6  826 Y j  ' 
( 1 2 )  
hence ( 1 3 )  
second step: R e f e r r i n g  a g a i n  t o  F ig .  3, one  h a s ,  f o r  mesons 
--- 
having same e n e r g y  i n  CM sys t em,  
To g e t  t h e  r e l a t i o n s  between (67.hQ @,@ 2 a s  u s u a l ,  
one f l r s t  f i n d s  t h e  c o n n e c t i o n s  between t h e  v e l o c i t y  components o f  
/ 
a  meson i n  t h e  CM and t h e  Lab sys tems.  L e t  Z@~@&G+@, 
t h e  v e l o c i t y  v e c t o r s  i n  b o t h  
moves a l o n g  p o s i t i v e  2 , 
 AX,^,^ @&a @ L  &,JL B'& y ' m a  /+ 4 6, &'T x4f C# ~ h e ~ e / =  -
C 2  C 
/+~&&'2gM 




From t h e s e ,  ,&& @'= 8 > , -A ad ( 1 5 )  4Cm-s '+ &&j ( 1 6 )  
a r i  @ '= &," 9' 
The r e l a t i o n  ( 1 6 )  e x p r e s s e s  t h e  obv ious  f a c t  t h a t  t h e  a z i m u t h a l  a n g l e  
i s  i n v a r i a n t  s i n c e  t h e  CM sys tem moves o n l y  a l o n g  t h e  2 a x i s .  
R e w r i t i n g  ( 1 5 )  i n  t h e  form 
L B  # / d- ) 4 ? t . @ :  - 
e b c , s ' G J  zfl where k ?$,zb/A 
and s o l ~ ~ n g  f o r  &a 5' one  o b t a i n s  
_/jd "rj/- (p, )A?- CL-5 = ,.. . 
* dd+/ 
I n  ( 1 7 1 ,  i f  il I , i .e. ,LJCM< - , t h e  p l u s  s i g n  should  
/ 0 be used  f o r  @ C 70 a and minus s i g n  f o r  @ 3 96 . F o r s ~ /  
2 
f o e ,  TM 7g, 0' w i l l  have a  l i m i t i n g  v a l u e  ydo , which i s  
I
g i v e n  by &&: & and,  moreover  t h e r e  w i l l  be two 
v a l u e s  of 5' i n  t h e  CM sys t em c o r r e s p o n d i n g  t o  one a n g l e  @' i n  
t h e  Lab sys t em,  A s  t h e  c a l c u l a t i o n s  r e p o r t e d  h e r e  have been c o n f i n e d  
t o  t h e  f i r s t  c a s e  of  J L / ,  we s h a l l  e s s e n t i a l l y  d e a l  w i t h  t h i s  
c a s e ,  
------------ 
* See  Marshak "Meson Phys ic s '  Pp 299-300, McGraw-Hill Book Co. (1952)  
when & L$ the Jacobian in (14) becomes 
for@$fbO~("& 8') -d- 2[JJ7- f l%, )al-lA 
dt -0 '  = ~ c ~ 3 @ l ( d 7 7 7 7 %  
Through (13), (16), (17) and (18), (14) gives, 
for 
for 
final *: As a final step, we shall convertd@,'@)kDc&@) 
I 
in the same Lab system. The transformation here is an inverse of 
the one involved in the first step. With the relations: 
bO'= ,&@ L@ 
t a m @ / =  & @ cL@ 
one finds - 
Hence (22) 
Because of the two different expressions for O&,'@? in (19), 
one has to be careful to get the right expression ford@, @) . It 
is seen from the relation (20) that for the whole range of @, when . 
@47o," @'r 90" and when @ 790,@ @ I7 90 0 I . For the case 0 = 900, 90' (as seen also clear from Fig. 3). Thus we have 
obtained the following different expressions for c(@, @) correspond- 
ing to different values of @ .  : 
particularly / 
(4. ~0,~6&@): /+b- 9 a% 
@ 790:e@,@)f - / 
---------------- 
* Constant coefficients in Q(@ ,@I are omitted 
In both (24) and (25) 
These two expressions (23) and (24) give the @ -distribution in 
the YZ plane. 
(3) F o r  @= YS,' 
i a c&,vs")= /+%L@ 2iL- b 2&,Jw~k: /  )%(/A$ bmB(26 
653 &2.+/Y 3,- (-/-2-,)j% 
(4) ~ a r  @ =  /3c0 3 
r@, / 3 5 j =  a n  $33 ?J-@ 3 I )  5 &bq/wy( 27 /=@ 
In both3261 and (27) 4%- @&a+/)$4pzq2?+ 
. . . , 
$"= )"f2&2@-/)  
(26) and (27) give the @ -distribution in a plane which makes 
an angle of 
45' with the YZ plane, 
The procedure in transforming this angular distribution in 
CM system to the corresponding one in the Lab system is the same 
as before. 





In both (30) and (31) 
(3)@=ys0 
(32 
( 5 )  @= 90 * 
(34 )  
(c) isotropic distribution for low-energy mesons. 
Since the distribution here is assumed isotropic in the CM 
system, it is preferable to use the 2 -axis in the CM system and the 
2 -axis in the Lab system as polar axes. 
Then bG,'FI)= &&, in the CM system. 
The corresponding angular distributions in the Lab system 
will be , by (16) and (18) 
and the constant coefficfents have been omitted. 
Numerical calculations have been made for the above various 
differential cross-sections in the Lab system, all referring to 
0 
collisfons of two proton beams of 20 Bev at an angle of 120 . The 
corresponding plots are shown in graphs 111, IV and V. 
G R A P H  3 
M e s o n  anguldr d ~ s t r ~ b u t ~ o n  in the L a b  system 
c o r r a s p o n d ~ n g  to C o s L g  d ~ s t r i b u t i e n  i n  the CM 
s y s t e m  for oblique co l l i s~ons  of two pro ton  beams 
of 2 0  B e v  e a c h  at an angle 120' i n t h e  L a b  
s y s t e m .  

G R A P H  5. 
Meson  a n g u l a r  d l s t r ~ b u t l o n  in the L a b  system 
cor respond ing  t o  the i s o t r o p i c  distr ibut ion i n  
the C M system for ob l~que  collisions of two 
proton beams of 20Bev  each  at a n  angle of  
( Z O *  I n  the L a b  s y s t e m  . 












Case (11) Head-on Collisions: 
We c o n s i d e r  head-on c o i l i s ~ o n s  of  two h i g h - e n e r g y  p r o t o n  beams 
of  d i f f e r e n t  i n c i d e n t  e n e r g i e s ! ,  E l  and E2 i n  t h e  Lab syst.em, 
I 
, El The c e n t e r  o f  mass of  two p r o t o n s  w i l l  
mode a l o n g  Y a x l s  w l t h  a  v e l o c i t y ,  
Lab s y s t e m  
3 
I n  c a s e s  o f  l n t e r e s t  here.%,C << E, and La, 
= L-, -La t h e n  <& - C, (37) E, + E a  
As b e f o r e  we assume t h r e e  k l n d s  o f  a n g u l a r  d i s t r i b u t i o n s  f o r  meson 
2 - 
produc t  son  i n  t h e  CM s y s t e m :  ( a ) &  @ b  b o t h  f o r  h i g h  
e n e r g y  mesons where 8 1s indicated i n  t h e  f i g u r e  be low,  and ( c )  
i s o t r o p i c  d i s t r i b u t i o n  f o r  low e n e r g y  mesons.  
CM s y s t e m  Lab s y s t e m  
The c o r r e s p o n d i n g  d i s t r i b u t i o n s  i n  t h e  Lab s y s t e m  a r e  f o u n d ,  by  u s e  
of  (17 )  and (181, a s  f o l l o w s :  
, - 
3@ ('2'41) YJ- ( / 2 - l j  ( 3 9 )  60, (b)  4- / ;~n~o d , 5 L r t  bodlsn,  
/ 
I n  a  t h e e  @ A= @ 
l - 4 ~  
where &, 6- 7z i s  g i v e n  by (37)  and ,Q - i s  t , he  v e l o c i t y  of  a  meson i n  
t h e  CM sys tem.  
C a l c u l a t r o n s  have been  done f o r  two p r o t o n  beams i n  head-on 
c o l l i s i o n s ,  one of e n e r g y  El = 20 Bev, and t h e  o t h e r  o f  e n e r g y  
E2 = 1 0  Bev i n  t h e  Lab sys tem.  Graphs V I ,  VII and VIII g i v e  t h e  
p l o t s ,  

G R A P H  8 
1.0 Meson angular distribution in the L a b  
system corresponding  t o  the isotropic 
distribution of mesons in t h e  C M system 
for head-on collisions of two proton beams. 




I n  t h e  c a s e  o f  o b l i q u e  c o l l i s i o n s o f  two h i g h  e n e r g y  p r o t o n  
beams, i f  t h e  i n c i d e n t  e n e r g i e s  o f  t h e  two p r o t o n  beams a r e  s l i g h t l y  
d i f f e r e n t . ,  t h e r e  will. be  s m a l l  d e v i a t i o n s  i n  t h e  l a b o r a t o r y  d i f f e r e n t i a l  
c r o s s - s e c t i o n s  f o r  mesons a s  g i v e n  b e f o r e  by t h e  e x p r e s s i o n s  from 
( 2 3 )  t o  ( 3 5 ) -  
Let  two prot:ons w i t h  i n c i d e n t  e n e r g i e s  El = Eo + 4 E  and 
E2 = Eo colliding Lab System 
Lab sys tem 
/ 
The c e n t e r  t h e  2 d i r e c t i o n  where Y /  
0 
i s  s l l g h t l y  
The dev1.t i o n  i n  VC4 i s  
h o  "C 
A Vcn = EN 2g63 
I n  d e s c r i b i n g  medson a n g u l a r  d i s t r i b u t i o n s ,  
d k  (kocLC(&4) (45 )  
, t h e  CM and t h e  Lab  
# # 
c o o r d i n a t e s  w i l l  be  d e s i g n a t e d  by ( T ,  9, J' ) and ( X ;  Y,' 2' 1 
CM sys tem 
The d e v i a t i o n s  i n  t h e  Lab a n g u l a r  d i s t r i b u t i o n s  due  t o A  KM r e a d  
a s  f o l  Lows: 




6= 4 V"M 
v o  /rl 
A / T =  d3%g n Kf l  
u p p e r  s i g n  i s  f o r  hL yo e and l o w e r  s i g n  f o r  @ 7 Y 8 f  
- 
d i s t r i b u t i o n  
aaj 
(47 
and 4 k a r e  g i v e n  a s  b e f o r e .  
( c  1 i s o t  r o p l c  d i s t r i b u t i o n  
(48) 
and A ~ . = ~ - @ . A V  
"6.. J * i / c m  
VG /vr 
P k= ~3 /&% 4 I&, 
No n u m e r i c a l  c a i c u l a + ~ o n s  h a v e  been  made. It i s  a  p l e a s u r e  t o  
a p p r e c l 3 t e  discussions w i t h  D r s ,  K, R, Symon and P,  M. S t e h l e .  
